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quodque folum, ceria nitri figna prabere, fed plora

coneurrere debere, ut de vero pitro producto dubiuny
non relinquatar., R i

LI, An Effay towards Jolving @ Problen in
*the Doétrine of Chances: By the late Rev.
Mr. Bayes, I'. R.S. communicated by Mr.
Price, in a Letter to John Canton, /. M.
LIRS | |

Dear Siry
Read Dec. 23, ! Now fend you an effay which 1 have

_ 1703-. found among the papers of our de-
ceafed friend Mr. Bayes, and which, in my opinion,
has great merit, and well deferves to be preferveds
- Experimental philcfophy, you will find, is ncarly in:
terefted in the fubjeCt of it;.and on this account there
fecms to be particular reafon for thinking that a com=
munication of it to the Royal Society cannot be im--
proper. L e

~He had, you know, the honour of being a mem=
bee of that illuftrious Socicty, and was ‘much efteem-"
c¢d by many in it as a very able mathematician, Inan ~
introduction which he has writ to this Effay, he fays,
that his defign at firft in thinking on the fubject of 1t
“was, to find out a method by w%\ich we might judge
concerning the probability that an event has to hap-
~ pen, ingiven circu nftances, upon fuppofition that we

know nothing concerning it but that, under the fame
: ) Tl ‘ o Cclrcum-
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circumftances, it has bappened a certain number.of
times, and failed ‘a certain other number-of times,
He adds, that he foon perceived that it would not be
very diflicult to do this, provided fome rule could be -
~found according to whicl. we ought to ¢ftimate the .
‘chance that the probability for the happening of an
~cvent perfectly unknown, fhould lic between any t\\;'o,
named degrees of probability, antecedently to any c:t- :
“periments made about it and that it appeared to him
that the rule muft be to fuppoie the chance the fame
that it fhould lie between any two equidifferent de-
grees; which, it it were allowed, alf the reft might
be calily calculated in the common: method of pro-
ceeding in the doctrine of chances,  Accordingly, I
find amonghis papers a very ingenious folution of this -
problem in this way.  But he afterwards confidered,
that the poflulate on which he had argued might not
pethaps ‘be looked upon by all as reafonable; and
therefore he chofe to lay down in another form the
propofition in which he thought the folution of the
problem is contained, and in a febolium to fubjoin the
reafons why he thought fo, rather than to take into
his mathematical reafoning any thing that might ad-
mit difpute.  "This, you will obfetve, is the method
which he has purfued in this eflay. - e
Every judicious: perfon will be fenfible that the . .
problem now mentioned is by no means. merely a
- curious fpeculation in the do@rine of chances, but ne- -
ceflary to be folved in order to a fure foundation for all
our reafonings concerning paft facts, and what is likely
to be hereatter.,  Common fenfe is indeed fuflicient ’
to thew us that, from the obfervation of what has in’
former inftanccs been the confequence of a certain
SR s S “caufe
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Laufe or adion, one midy make a judgment what is
likely to be the confequence of it another time, ard -
that “the larger numbér of cxperiments we have to
fuppoit a conclufion, fo much the more reaten we
have to take it for granted. Butitis certain that we
cannot determine, atIcaft not to any nicety, in whit
~degrec repeated experiments confirm -a conclutisn,
without the particular difcuflion of the beforementi-
oned problem; which, thetefore, is neceflary (o be con-
fidered by any onc.who would give a clear account of
~the ftrength of analsgical or induclive reaforing coti
- cerning, which at prefent, we fcem to know little merg
thanthat it docs fomctimcs in fadt convince v, and
_at other times not 3 and that, as it is the means of
‘cquainting us with many truths, of which otherwife
we muft have beén ignorant ; fo it is, in all probas
bility, the fource of many crrors, which perhaps
might in fome meafure be avoided, if the force that
this fort of reafoning ought to have with us were mor¢
diftin@tly and clearly underftood. - -

Thefé obfervations prove that the problem enquired
after in this efly is no lefs important than it is curis
ous. It may be fafely added, 1 fancy, that it is allo
a problem that has ncver- before been folved.” Mr.
e Moivre, indeed, the great improver of this part:
. of tathematics, has in hi$ Laws of chance *, after Ber-
noulli; and to a greater degree of exaltnefs, given
rules to find the probability there is, that if a very
great number of trials be made conccrning any cvent,

* Sce Mr. De Moivre’s Dactring of Chances, p. 243, &e. He
has omitted the demonttrafions of his rules, "but thefe have been
fince fupplicd by Mr. Simpforr at the conclufion of his treatife
on The Nature and Laws of Chance, g

' : SRR the
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the proportion of the number of times it will hap:
pen, to the number of times it will fail in’ thofe tri-
als, fhould difter lefs than by fmall-afligned limits
Arom the proportion of the probability of its happen<
ing to the probability of its failing in onc fingle trial,
But I know of no perfon who has fthewn how to de-
duce the folution of the converfe problem to this ;
namely, ¢ the number of times an unknown even:
« has happened and failed being given, to find thj
« chance that the probability of its happening fhould
« lic fomcwhere between any two named degrees of
~ « probability.” . What Mr. De Moivre has doné

therefore cannot ‘be thought fuflicient to make the
confideration of this point unneceflary : efpecially, as
the rales he bas given are not pretended to-be "rigo-l
roufly exact, except on fuppofition that the numbe% .
of trials mde are infinite ; from whence it is not ob+
vious how large the number of trials muft be in or-
der to make them exact cnough to be depended on
- in praltice, ' ‘ - B
Mr. De Moivre calls the problem he has thus folv-
cd, the hardeft that can be propofed on the _ﬁlbjc&'
of chance. His "folution he has applied to a very
important purpofe, and thereby fhewn that thofe

“aremuch miftaken who have infinuated that the Doc- - -

trinc of Chances in mathematics is of trivial copfe-
quence, and cannot have a place in any fcrious enqui~ -
ry *.  The purpofe I mean is, to fhew what reafon -
we have for believing that there are in the conftitution
of things fixt laws according to which events happen,

and that, therefore; the frame of the world ruft be

* Scc his ‘])oélrincibf Chances, p. 252, &c. = A
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. _the cffect of the wifdom and potwer of an intellige
*. ¢aufe; and thus to confirm the argument taken from

: Fo

nt -
final caufes for the cxiftence of the Deity. It will be -

cafy to fce that the converfe problem- folved . in this’
effiy is more dire@tly applicable to this purpofe; for: -

it fhews us, with_diftin@nefs-and precifion, in cvery'

cafe of any . particular order or tecurrency of events,
what reafon there is to think that fuch recurrency, or!
order is derived from ftable caufes or regulations inna-". -
ture, and not from any of the irregularities of chance.

The two laft rules in this effay are given withovt
the deductions of them. ~ I have chofen to. do this
becaufe . thefe dedutions, taking up a good deal of
room, would fwell the eflay too much ; and alfo be-!
caufe thefe rules, though of confiderable ufe, donot
anfwer the purpofe for which they are given as per-
fc@ly as could be withed.  ‘They are however
ready to be produced, if a communication of them
fhould be thought proper. 1 have in fome places:
writ fhort notes, and to the whole I have added an
application.of the rules in the eflay to fome particu-
lar cafes; in order to convey a clearer idea of the na-
ture of the problem, and to fhew how far the folu-

“tion of it has been carried. :

1 am fenfible that your time is fo much taken up
that I cannot reafonably expect that you fhould mi-
nutely examine cvery part of what I now fend you.
Some of the calculations, particularly in the Appen-
dix, no one can make without a good deal of labour.
I have taken fo much care about them, that I believe
there can be no material crror in any of them; but
fhould there be any fuch errors, I am the only per=:
fon who ought to be confidcred as anfwerable for.
them. . ST

: Mr.
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Mt. Bayb‘s has thought fit-to begin his work with .
~ 4.brief demonfiration of the general laws of chance,
~ . His reafon for doing this, as he fays in- his introduc-
~ 7 tion, was not merely that his.reader might not havd
- the trouble of fearching elfewhere for " the principles
- on which he has argued, but becaufe he did not know
whither to refer him for a clear demonftration of
them. © He has alfo made an apology for the peculiar
definition he has given of the word chance or fr'oba-_} o
bility. His defign herein was to cut off all difpute
about the meaning of the word, which in common
language is ufed in different fenfes by perfons of dif-i .
ferent opinions, and according as it is applied to pdf‘
or future falts.  But whatever different fonfes it may
have, all (he obferves) will allow that an expectation|
depending on the truth of any paft fa&d, or the hap—'}'
pening of any future event; ought to be eftimated fo
much the more valuable as the fact is more likely to
be true, or the cvent more likely to happen.  Inftead -
therefore, of the proper fenfe of the word probabi-
lity, he has given that which all will allow to be its.
proper meafure in cvery cafc where the word is ufed.
Jut it is time to conclude this lcttcr. Experimental
philofophy is indebted to you for feveral difcoveries |
and improvements; and, therefore, I cannot help
4thinking that there is a peculiar. propriety in - direét-|
ing to you the following eflay and appendix.  ‘That :
your cnquirics may be rewarded with many further .
fuccefles, and that you may enjoy every every valuable
blefling, is the fincere with of, Sir, S
' 71 your very humble fervant,
- Richard Price.

. Ncwington-(}vrccn,
~Nov. 10, 1763,
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. ~ "PROBLEM.
Given the number of times in which an bunknOWn-‘f
. cvent hashappened and failed: Reguired the chance
that the probability of its happening in a fingle trial
lies fomewhere between any two degrees of pro- -
bability that can be named. o

SECTION L

D EFINITION 1, Several events are in-
< confifient, when if one of them happens, nonc
of the reft can. I et e
2. T'wo cvents ar¢ contrary when one, or other of
them muft ; and both together cannot happen. |
3. Ancvent is faid to fai/, when it cannot hap-

_ pen; or, which comes to the fame thing, when its con-
trary has happened. ' S
4. An event is faid to be determined when- it has
either happened or failed. " :
5. 'The probability of any event is the ratio between
the value at which an expeQation depending on the
happening of the event ought to be computed, and -
the value of the thing expected upon it's happening.”
6. By chance 1 mean the fameas probability. ‘
7. Events arc independent when the happening of
any onc of them docs neither increale nor abate the

- probability of the reft.
| PROP 1

When feveral events are inconfitent the probabili-
ty of the happening of on¢ or other of them is the
fum of the probabilitics of each of them, ’ o

Suppele
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Suppofe there be three fuch cvents, and which ever
of them happens 1am to recéive N, and that the pro-
bability of the 1ft,2d, and 3d are refpecively »aN .
1 ¢ ‘ e os » :
& N,'~Thm (by the definition of probability) the var .
lue of my-expectation from the 1t will be a, from
the 2d 4, and “from the 3d ¢. . Wherefore the value
of my expectations from all three will be a4 b - ¢,
_But the fum qf my expeations from all three is in
this cafe an’ expectation of receiving N uvpon the hap- .-
pening of one or other of them. = Wherefore (by de:
hinition 5) the probability of onc or other of them is
’L:‘_:Ti.f or 1{}-}-;}+ f:“ The fum of the proba%
bilities of each of then, ‘ o
Corollary.  If ‘it be -certain that one or othet
of the threc events muft happen, then a .}- 4 -|~§
=z No For in" this cafe all the expeQations tos
gether -amounting to.a. certain expelation of res
ceiving N, their values together muft be cqual
to N. And from hence it 1s plain that the probas
~ bility of an event added to the probability of its fai-
lure (or of its contrary) is the ratio of equality, - For
thefe are two inconfillent events, one of which ne-
ceflarily happens.  Whercefore if the probability of
) | N :

O o ) NP
an cvent is o= that of it's failure will be N

N .

. PROP 2 o

If a perfon has an - expe@ation depending on the
happening of an event, the probability of the cvent
15 to the probabiility of its failure as bislof if it fail to
his gain if it happens, '
Suppofe a perfun has an expecation of receiving
"N, depending ‘on an levent the probability ot \'.‘hi\'h‘v
: s
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s % Then (by definition §) the value of his ex-

pectation is Iy and therefore if the event fail, he lofes,
that which in -value is P and if it happens he re-
~_ccives N, but his expedtation ceafes.  His gain there-
“fore is N—P._ Likewife fince the probability of the
. MR ,

_ ;\,, that of its failure (by corollary prop. i)
is ¥ Bl isto NE as P ois to NP,y el

AR N .. g N N . T ] t Y

event'is

the probability of the event is to the probability of 'i~t's;
failure, as his lofs if it fails to his gain if it happens.

. . . ~PROP 3 ) SRR
The probability that two fubfequent eveats will
both happen is a ratio compounded of thc probabis
lity of the 1ft, and the probability of the.2d oh fup-
pofition the 1ft happens. _ o
Suppofe that; if both events happen, 1am to receive

N, that the probability both will happen is iﬁ;, that_
the 1ft will is -1% (and confequently that the 1ft will
" not is I—::::-a) and that the 2d will happen upon fup-

N ‘b | ppen upon P
pofition the 1t does is 57 Then (by définition §) P
will be the value of my cxpe@ation, which will be-

~ come B if the 1t happens.  Confequently if the 1t
happens, my gain by it is &—P, and if it fails my lofs.
l;}ia Wherefore, by the forcgoing“propoﬁtion,% is'té
N e aisto N-—g as P’ is to 6—P. Where-
forc (componenda ij’nvcr(&) aisto N as P&tod
But the ratio of P to N is compounded of the ratio
" of P to 4, and that of & to N. - Wherefore the
‘ s . fame .-

.’\ ‘ . '- {
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fame ratio of P to' N is compounded of the ratioof .
~ato N and thatof 4 to N, i.e. the ‘probability that, -
the two fubfcquent events will both happen is“com= "
pounded of the probability of the it and the-proba-"
bility of the 2d on fuppofition the 1t happens. ek
- Corollary. Hence if of -two fubfequent cvents the -

probapility of the' it Ibc-'}g,‘ an"d:_thc‘ probability of " -

both together be ;'l:’ th_ch:"thé probability’ of the 2d -

~ on fuppofition ft happens is =, s
ppofition the 1 V‘lnppe‘ns is = e

CPROP 4

“If there be t\\}o" ﬁibfefui’ehtl e\(vehtis"toj bé determined |+
every day, and each day dic probability of ‘the 2d is
;\. and the probability: of both é,.and Iamtore- |

ceive N if both' the c\%qhts".ha}wpcn,t11§: ‘lﬂ:’day on .
which the 2d does; 1 fay, according to thefe con-

ditions, the probabf'li(“jr of ~f.myvnobtainin;g N‘is_zl:ﬁ For .
if not, Ict the }‘fobab:il‘ify‘of" m'y! Ql‘)'_lililljng Nx beg- .
and Iet y be to x as Ne=bto N, .Thén‘ﬁncc'ﬁis the =
probability of my obmjrii“ng.‘ N‘(by definition 1) &' is.
the value of my expectation.  And again, becaufc ac-
cording to the foregoing conditions the 11t day I have e
an expectation of obtaining N depending on the hap-."
pening of both the events together, the probability of
which is %, the vnluc'of‘thié'eg:éé&ation istl’_. Like- '
wife, if this coincident fhould not happea Thave an
cxpectation of being feinftated in niy former circum-
Rances, i.e, of reccivin that which in value is x de-
; . pending .

E e S B D S L
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pending en ‘the failure of the 2d evént the probability -
. U Nemb gy
. Y ) g | J : P R .
vo-fl which (by cor. prop- 1;) Is oy b;c(x}u.g yis
“to x as N—5 to'N.. Wherefore fince & is the thing |
. expedled and L the probability of. obtaining it, the
value of this.expeCation is y.~ But thefe two laftex-
. pe@ations together-are cvidently. the fame-with my | -

~ original cxp_c&_ation,"thé.valpq]of which is.x, and

; 3

therefore P -}- y == ». But yis to &.as N—dris to N,

" Wherefore- x is to P as Nis to 4, and -;\—','(t.l.\c
- probability of my obtaining N),is:;-" SRR

Cor. Suppofe after the expectation given me in the -
foregoing. propofition, and before it is at'all known |
whether the 1t event has happened or.not,” 1 fhould
find that the 2d cvent has happened ; from hehce T
can only infer that the event is determined on which!
~my expectation depended, and have no reafon to
cfteem the valuc of my expeation cither greater of|
_Xefs than it was before.  For if T have reafon to think
it Icfs, it would be reafonable for me to give fgmething
to be reinftated in my former circumftarices, and
this over and over again as often as I fliould be in-
formed that the 2d event had happened, which is cvi-
dently abfurd, Ard the like abfurdity plainly follows
if you fay I ought to fet a greater value on_my cxpec-
tation than before, for then it would be reafonable for
me to refuft fomething if offered me upon condition
I would relinquifh it; and be reinftated in my former
circumftances ; and this likewifc over and over again
as often as (nothing being known concerning the 3
event) it fhould appear that the 2d had happened.

Notwithftanding therefore this difcovery that the 2d
A v ‘ cvent .
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~cvent has lmppmcd my. cxpc&atlon ought to be
cftcemed the fame in value as before, i..e. X, :
and confequently the probablhty of my obtaining

N is (by definition §) ftill 3 55 of bg*. But after this

~ difcovery the probxlnhty of my obtaining N is the pro-

~ bability that'the 1ft of two fubfequent events has lnp.
pened upon thefuppofition that the 2d has, whofe pro-
babilities were as before fpecified.  But the probability

~that an cvent has happened is the fime as the proba=.
bility I have to gues right if 1 guefs it has happened,
\thrclorc the iollowmg propofition is cvident, _ 3

PROP. s

1F there bc two Iubfcqucnt events, (hc probabxlnty? '

of the 2d N —-and the probability of both together I;;
and it bcmw 1t difcovered that the 2d event has hap-

pened, from hence 1 guefs that the 1t event has ali}
fo lnppencd, the probability I am in the right is -+
PR 0 P ’

* What is here faid may pcrhaps be 2 h tle illuftrated by con
fidering that all that can be loft by the Kappening of the 2d cvent
is the hance 1 fhould have had of being reinftated in my former
circumflances, if the event on which my cxpc&mon depended had
been determined in the manner exprefled in the propofition,  But

this chance is always as much againfl me as it is for me. If the

- Mt event happens, it is againd me, and cqual to the chance for

the 2d event's failing. If the 1ft event docs not happen, it i3

Sor me, and cqual alfo to the chance for the 2d event’s fmhna.
The lofs of it, therefore, can be no difadvantage,

+ Whatis proved by Mt. Bayes in this and the preceding pro- -
pofition is the f:me with the anfwer to the following queflion,
What ithe probabil iy tha at a certain’ uent, whuuthappcns will

Voo, L n[ | DIy : be

-
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PROP O

The probabxhty that {cvcral mdcpendcrt cvents

fhall all happen is a ratio compoundcd of thc proba-

blllthS of cach. ,
For from the nature of mdcpcndcnt cvonts, the

probxblhly that any one lnppws is not altered l\v the

happening or failing of any of the reft, and con(u’
quently the probability that the 2d event happc 15 on-

iuppoﬁnon the 141 does is the fame with its onglml

probability ; but the probability that any two events.

lnppen is a ratio compounded of the probability of 'im
‘1ft event, and the probability of the 2d on fuppofition
thc xﬂhappcns by prop. 3. Wherefore the prolnblhty
‘that any two independent events both happeniis a ras
tio compounded of the probabxhty of the 11t and the

probability of the 2d. And in like manner confidering -

the 1t and 2d event together as onc event 5 the proba-
bility that three independent cvents all happm is a ratio

compounded of the probability that the two 1t both
.lmppcn and the probability of the 3d. And thus you

" be accompamed with another to bc dc(e.mmcd at the fame time

In this cafe, as one of the events is given, nothing can be duc‘
for the expeQation of it; and, confequcmly the value of an cx.
peclalion depending on 1he hqppenmg of both events muft be the’
famc with the value of an expedlation depending on the Kappen-!
ing of one of them, lnot{mcr“ords the probability that, when:

one of two cvents happensy #icother will,y is the fame with the

probabnlnty of this othcr Call x then the probability of this
ot her, and if f'. be the pl‘()b’\blll(y of thc given event, =nd -S
the probabxlnty of both, becaufc ’ = ii Xxy ¥ ...% =z thepro-: -

bability mentconcd in t‘lcfe propoﬁuons.

may

i
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may proceed if there be ever - fo many fuch cvents;

from whence the propofition is manifeft,

Cor. 1. If there bg feveral independent events, the

~ probability that the 11t happens the 2d fails, the 3d
fails and the 4th happens, &ec. is a ratio compound-
ed of the probability of the ift, and the probability

of ‘the failure of the 2d, and the pr’obability of the -

failure of -the 3d, and the probability of the 4th, &c.
i‘or the failure’of an cvent may always ba confidered
as the happening of its contrary, . ‘

Cor. 2. If there be feveral indcpchdcnt»eventé, and
the probability of each one be 4, and that of its fail-

ing be 4, the probability that the 1t happens and the
2d fails, and the 3d fails and the 4th happens, &c.

. will be abba, &c. For, according to the algebraic
way of notation, if a denote any ratio and 4 another,’

abba denotes the ratio compounded of the ratios
a, b, b, a. ‘This corollary therefore is only a particular
cafe of the foregoing.

Definition.” If. in confequence of certain data -

~

there arifes a probability that a certain event fhould |
happen, its hapgening or failing, in confequence
of thefe data, T call it's happening “or failing in |
the it trial. - And if the fame data be again re-
repeated, the happening or failing of the event in -
confequence of them 1 call its happening or failing
in the 2d tridl; and fo on as often as the fame data
are rgpeated.  And hence it is manifeft that thc,hap-
pening or failing of the fame event in fo many ditte-.
“trials, is in reality the happening or failing of .fo
many diftin¢t independent events cxactly fimilar to

cach other.

Pddz  PROP |
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A4~ PROP 7

If. the probability of an cvent be a, and that of its:
failure be 4 in each fingle trial, the probability of its:
happening p times, and failing ¢ times in p-J-7 trials

“is v @’ &' if E be the cocflicient of the term in which!
occars @' 4 when the binomial @--8)*F7 is ex-!
panded. - . R ' :

~ For the happening or failing of an cvent in differ-
" ent trials are fo many independent events. "\V_I‘\crc-
fore (by cor. 2. prop. 6.) the probability that the event
happens the 1t wricl, fails the 2d and 3d, and hap-
pens the 4th, fails the gth, &c. (thus happening and|

failing till the number of times it happens be p and
the number it fails be ¢) is abbab &c. till the
number of a's be' p and the number of s be ¢, that
is; "tis @ 6. In like manner if you confider the event
as happening p times and failing ¢ times in any other
particuldr order, the probability for it is,a* 4'; but!
the number of different orders according to which an

cevent may happen or fail, fo as in all to happen p.
times and fail ¢, in p -} ¢ trials 15 cqual to the num-:
ber of permutations that eaae 0646 admit of when . -
the number of a's is p; and the number of &'s is ¢..
And this number is cqual to E, . the cocflicient of ‘the:
term in which occurs a® 47 when a -5 #+ s ex-
panded. The cvent therefore: may - happen p times.
and fail ¢ in p-}-¢ trals B different ways and no -
more, and its happening and failing thefe feveral difs
ferent ways are fo many inconfiftent events, thc pro-
bability for each of which is a? 4%, and therefore by

I prop-
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prop. 1. the probzbility that fome way or other it
huppens ptimes ard fails ¢ times in p - ¢ trials is
1. a* 07 ‘ ’ ‘

SECTION 1L

Poftulate.. 1. I Suppofe the fquare table cor plane
ABCD to be fo made and levelled, that if cir’)cﬁ
of the balls ¢ or W be thrown upon it, there fhall
be the fame probability that it refls upon any onc
cqual put of the plane as another, and that it muft
neccllarily reft fomewhere upon it. : i

2. 1 fuppofe that the ball W fhall be 1t thrown,
and through'the point where it refls a line o5 fhall be,
drawn parallel to A D, and mecting CD and AB in
s and ¢; and that afterwards the. ball O fhall be

“thrown p - 4 or # times, and that its refting between
A D and o5 after a fingle throw be called the hap-
pening of the event M in a fingle trial, “Thefe thhigs

' uppofed,

diftance  between  the

two points to the whole

linc AB. -

Let any two points

be named, as £ and 4

in the line AB, zndBl=<

through them parallel

to AD draw /F, 41,

eeting CD in I and R VL AR
“L. ‘Then if the redt- *&-”“ :
angles Cf, 4, LA an ' coms’

Lem. 1. The proba-c. . o _siL AK'-';--rl‘*-? d
bility that the point o i r ,f
will fall between any | - P 3
two points in the knc i .j
A B is the ratio of the i

G S e
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commenfurable to each other, they may eich be di-
vided into the fame equal parts, which bcing done, ‘
and the ball W thrown, the "probability it awill rett
{omcwhcre upon any number of thefe c«ilrlhlb parts
will be the fum of the p,n;;‘mbilit‘ics it has to réft upon?
cach one of them, tecaufe its refting upon any differ-
ent parts of the plane A Care fo many inconfiftent’
cvents; and this fum, becaufe the probability it thould
reft upon any onc c.jual part as another is the fame, is -
the probabilit} it fhould reft upon any one equal pat,

“multiplied by the number of parts. Coniequently, the!
probability thete is that the ball W thould reft fome-. -
where upon I'dis the probability it has to réft upon one
cqual part multiplicd by thenumberof equal partsin I by

“and the probability it refts fomewhere upon:Cj'or LA,
i.c. thatit dont reft upon 174 (becaufe it muft reft fome-
where upon A C) isthe probability it refts upon onc
equal part multiplied by the number of cqual parts in
Cf, LA taken together. Wherefore, the probability
it refts upon Fb is to the probability it dont as the'

_pumber of equal parts in Fé is to the number of
equal ‘parts in Cf, LA together, oras Fb to Cf;
1. A together, oras fb to Bf, Ab together. - Where-
fore the probability it reft upon I'4 is to the proba-
bility itdontas f5 to Bf, Ab together,  And (come
poncnds fnverfe) the probability it refts upon F b is to
the prob.tbility it refts upon £ 4 added tothe proba-
bility it dont, ‘as f & to AB, oras the ratio of /6 to

"AB to the ratioof AB to AB. But the probabif
fity of any event added to the probability of its failure
is the ratio of cquality ; whercfore, the probability it
reft upon F 4 is to the ratio of equality as thc ratio of

5 to AB tothe ratioof AB to A B, or the ratio |
of equality; and therefore the probability it reft u}?rz
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I'4 is the ratio of f6.10 AB.. But ex /npa//uf ac- -
~cording as the ball W fails upon 14 ‘or not the ~
}wmt ‘o will lie between fand 4 or not, and there-
fore. the probability the point ¢ will lxc bcl\\ccnj and
,bxsth\muoof/b {0 AB. : |

Again; if  the lcﬂfmglec\(‘f F b 1.A are not'j“ :

coxmmn(umlM yet the laft mcntxoncd pxobalnhtv_?
can be ncither greater nor lefs than the ratio ot f-4 to |
AB; for, it-it lw Iefs, det it be the ratio of feto »\B
and upon the line )‘b take the” points p and ¢, fo
that p¢ fhall he greater than f¢, and the thiee Jines
By, pe, 1A commenfurable (whiclvitis cwdcr\t may |
be always doné by dmd.nq A B into equal parmlets- ‘
than half ¢4, and tiking:p and ¢ the neaxeﬂ points
of divifion to f and ¢ tlmt lic uponj&) Then
becaufe Bp, pt, ¢ t A\ are. commcnﬁlmblc fo are the
rectangles Cp, Dy, and that upon pt complcatmg
the fquarc AB.  Wherefore, by what has been faid,
the probability that the point o will lie between p and g
¢ is the ratio of prto A B. But if it lies between P
and ¢ it mutt lic between f"and 4. - Whercfore, the
probability it fhould L¢ between f and 4 cannot be |
Tefs than the ratio of ptto A B, and therefore muft .
‘be greater than the ratio of fe to AB (fince pr is |
Cgreater than fe).  And after the fame manner you
may prove that the foxcmcntloncd probability cannot
be greater than the rativ of 4 to' A'B, it mufl there-
fore be the fnie.
. Lem. 2. The ball W lnvmcr been (hrown, and
the line o5 drawn, the plobabxhty of the cvent M
ina hnglc trial is the ratio of Ao to AB,
For, in the fame manner as in the foregoing lem-

ma, the probxblhty that ﬂlc ball ¢ being thrown fhall
xc{l
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veft fomewhere upen Do or between AD and sais
is the ratio of Ao to AB. But the refling of the
ball o between A DD and so after a fingle throw is -
“the happening of the event M in -a fingle trial.
Wherefore the lemma is manifet, — ©

PROP. S

~ If upon BA you ere& the figure Bghikan A
whofe property is this, that. (the bate B A being dis
vided into any two parts, as Ad, and B and at the -
*_point of divifion & & perpendicular being ercCled and
terminated by the figure in a5 and y, x, r repres
| fenting refpectively the ratio of bm, Ab, and B to
AB, and I being the the cocflicient of the term i
which occurs a? 4 when the binomial ¢}-5}7 '+ i3
expanded) y == E a? r7. 1 fay that before the ball W
+is thrown, the probability the point ¢ fhould fall bel

~ tween f and 4, ary two points named in the line
A B, and withall that the event M fhould happen p
times and fail ¢ in p-- ¢ trials, is the ratio of
fghikmb, the part of the figure BghikmA in-’
tercepted between the perpendiculars: f g, bm raited
upon the linc A B, to CA the fquarc upon AB,

“"DEMONSTRATION.

For if not; 1ft let it be the ratio of D a figure
greater than fghikmb to CA, and through the
points ¢, 4, ¢ draw perpendiculars to /6 meeting the
curtve AmigB in b, i, k; the point d being fo
placed that i fhall be the longeft of the perpendi-

o SRR A - culars

.



Y (3897

culars terminated by the line f4, ‘and the curvc? ‘
AmigB; and the points ¢, d, ¢ being (o many and

o placed that the reangles, 44, ¢i, e, fb taken
together fhall differ lefs from fghikmb than D,
docs ; all which may be eafily done by the help of the

equation of the curve, and the difference between I
and the figure fghikmb given, Then fince d7 is
the longeft of the perpendicular ordinates that infit,

upon [, the reflt will gradually decreafe as they are
farther and farther from it on each fide, as appears
from the conftrucion of the figure, and confequently
¢b is greater than g f or any other ordinate that in-
fifts upon e f. ' ‘ -

- Now if Ao were cqual to Ae, then by lem. 2.
the probability of the event M in a fingle trial would
be the ratio of Ac to AB, and confequently by cor.
Prop. 1. the probability of it's failure would be the

ratio of Be to AB. Wherefore, if x and r be the v
two forementioned ratios refpectively, by Prop. 7. the .
probability -of the event M happening p times and |
failing 7 in p -} trials would be Ex? 57, But
and # being refpeGively the ratios of Ae to AB
and Beto AB, if yis the ratio of ebto AB, thep,
by conftru@tion of the figure A7 B, y =z B’ ri,
Wherefore, if Ao were cqual to Ae the probability
of the event M happening p times and failing ¢.in~
7 -7 trials would be Y orthe ratioof ¢h to AR,
And if Ao were equal to A f, or were any mean be-1
mentioned probability
for the fame reafons would be the ratio of fz orfoma2

tween Ae and A £ the laft

other of the ordinates infifting upon¢f; to AB. But |

e b is the greateft of all the erdinates that infit upon ;-
</ Wherefore, upan iuppofition the point fhould lic -
\"OL. l,llln ) ISCC - ﬂn"'y?
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any where between f and e, the probability that the -
~event M happens p times and fails ¢ in p4-g¢ tri- -
als can’t be greater than the ratio of ¢b to AB. -
There then being thefe two fubfequent events, the -
ift that the point o will lic between e and /, the .
2d that the cvent M- will happen p times and fail ¢
in p-}-¢ trials, and the [Prbbabili{y of the 1t (by
lemma 1ft) is the ratio of ¢f to AB, and vpon fup-
pofition the 1ft happens, by what has been now
proved, the probability of the 2d cannot be greater
than the ratio of ¢4 to A B, it evidently follows (from
- Prop. 3.) that the probability both together will hap-
_ pep cannot be greatcr thad the ratio compounded of
that of ¢f to AB and thatof b to AB, which |
compound'ratio is the ratio of /b to CA. Where-
fore, the probability that the point o will lie between
/ and e, and the cvent M happen p times and fail
¢, is not greater than the ratio of /b to CA.- And
in like, manner the probability the point o will lic be-
tween e and d, and the event M happen and fail as |
before, cannot be greater than the ratio of ¢ to CA.

And again, the probability the point o will lic between

d and ¢, and the event M happen and fail as before, -
cannot be greater than the ratio of ¢/ to CA, And
laftly, the probability that the point o will lic between
¢ and 4, and the event M happen and fail as before,
cannot be greater than the ratio of £ to CA. Add_
now all thefe feveral probabilities together, and their”
fum (by Prop. 1.) will be the probability that the point
~ will lie fomewhere between f and 4, and the event,
M happen p times and fail ¢ in p-}- g trials. Ad
likewife the correfpondent ratios togcﬂxcr, and their
fum will be the ratio of the fum of the antecedents
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3. In like manner, the ratio of HIC/ to 11O s

q+1 gtz , 93,
r xP +pxr Pt 4«_/) Xp-1 X7r ﬁf |
q+1 gty g2 7t gt2 943

&ee, .
4.\ If B be the coefficient of that term of the bi-
nomical @ -J- 82 +¢ expanded in which occurs a? 47,
the ratio of the whole figure ACFH to HO is
;;3';*' X %—,abeing:p }-¢. For, when Af==All
x=x1, r==0, Wherefore, all the terms of the fe-
ries fet down in Art. 2, as exprefling the ratic of
AC/ to HO will vanifh except the laft, and that

I 7 g—1 1 “:
becomes -4 X 37y X 5y X &e. X 5. Buzt I<
being the coeflicient of that term in the binomial

a - 8" expanded in which occurs af 87 is equal to

‘3«}1 X %}% x &c. X ”il' And, becanfe A £ is fup-
pofed to become == AH, ACf = ACJl. From

whence this article is plain,

5. The ratio of ACf to the whole figure ACFH
o e o

N (by Art. 1.and 4) 7T XExa g %
Tt ‘ TrF3 ., R '
f’: Jg X g=1 X po &c. and if,'as x exprefles
pt2 2 pt3

the ratio of Af to AH, X fhould exprefs the ratie
of At to AH; the ratio of AF¢ to ACFH .
- e s ‘ pt1 pt+2 ‘
wouldbe n-}21 X Ex X  ~=¢X +-g%g-1

?+3 | p+1 P2 2
% X "= &c. and confequently the ratio of tFCf
pt3 . ' . '
to ACFHis#-}-1 X E xd into the diffcrence
- r T between

o




[ 399 ] |
between the two feries,  Compare this with prop. to.
and we thall have the following pratical rule,

RU LE I..

If nothing is known concerning an event but that
it has happened p times and failed ¢ in p--q or uteials,
and from hence I guefs that the probability of its
happening in a fingle trial lics fomewhere between
any two degrees of probability as X and «, the

chance I am in the right in my guefs is n4-1

x E x’l into the difference between the ferjes X “
o pe 3 PTd
— g X Jogxg-1 x X — &c, and the
P2 2 - pt3 |

NN ALY & & N Pty -
feries x  —gx }-¢q Xg~IXx & L
pt1 Ptz - 2 p+3 |

being the coeflicient of a* &f when a-}- 41" is expanded,
This is the proper rule to be ufed when ¢ is a fmal]

number ; but if ¢ is large and p finall, change every

where in the feries here fet down p into ¢ and ¢ into p

and x into » or 1-x, and X into R == 1~-X; which

will not make any alteration in the difference between

the two feriefes. . ‘
‘Thus far Mr, Baycs's cffay.

“ With refpe@ to the rule here given, it is further
“to be obferved, that when both 2 and ¢ are very large
sumbers, it will not be pofiible to apply it to practice

on account of the multitude of terms which the ‘fe-
riefes in it will contain. M, Bayes, therefore, by
' - Fff 2 an
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an inveftigation which it would be too tedious to give -

here, has deduced from this rule another, whichis as
follows, » ‘

RULLE 2

If nothing is known concerning an event but that
it has happened p times and failed ¢ in p-}-¢ or .
trials, and from hence I guefs that the probability of
its happening in a fingle trial lies between 2 t+zand

Pz if M=t 6= P p-= 9, I the cocflicient
n ?1 n n :
of the term in which occurs a# 67 when a -2 is

: 2
expanded, and ¥ = (R CA B %

" vV
. . md 2? =2 ms 2 =2 X
by the feries mz m—= —-— o} = X o= e
: 3 an . § 28 X 31
m' x! r-2 n-4 -n-b6 m®2? . &e ‘
2n 3n X 4n X - ' ‘
my chance to be in the right is greater than
2% ' ‘
VN 2B ap bt - 2 E ar b1 ¥ and les than
2% “Th” :

1-2 L a, b1 ~— 2 15 ar b1, And if p == ¢ my chance

——— e

s n
15 2 L exadlly.

* In Mr. Bayes’s manufeript this chance is made to be gicater
2 2y

1—2 £ a? 7
in the two divifors, as. 1 have given them, being omitted.  Bat
this being evidently cwing to afmall overfight in the dedudlion
of this rule, which I have reafon to think Mr. Baycs had himfclf
difeovered, 1 have ventured to corre@ his copy, and to give the

rulc as am fatished it ollght to be given,

2% _ .
th'an ’m-gz;z; and 2cfs than The third term

In
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In order to render this rule fit for ufe in all cafes
" it is only ncceflary to know how to find within fufli-
cient nearnefs the value of E a# 47 and alfo of the

.ot m’a! . s
feries. m 2 =~ &c*. With refpect to the former

3 :
Mr. Bayes has proved that, fuppofing K to fignify the
ratio of the quadrantal arc to it’s radius, I a2 47 will

‘\/ - :
be equal to Wﬁfﬁ X by the ratis whofe Eyperbos
. L. . 1 11 1 1 1 1
ixf logar;fhm is = x{—’ —~FT 555_)11? s
1 1 1 1 | 1 1 1
- — e e e =

-y

¢ Thaeo ™ w7 pr TR T a6k Tt T P T
1 1 1 1 i .
b + o X - &c. where the nume-
ral coefficients may be found in the following man-
fier, Callthem A, B, C, D, E, &c. Then A ==

1 1 o A C - 1
222.3 34 T T 2.4 37 7T 26,7
10B+A . . ! __.350-}218}‘/\1__ 1

s ' T 2.89 7 T a0

e

»

"o

-— - ——

9 2012013

—

* A very few terms of this feries will generally give the hyper-
bolic logarithm to a fufficient degree of exaltnefs, A fimitar fe-°
rics has been given by AMr. De Moivee, Mr. Simpfon and other’
eminent mathematiciaps in 2n expreflion for the fum of the lo-’
garithms of the numbceis 1, 2, 3, ¢, 's to xy which fum they
have aflerted to beequaltodlozie 4 v + 3 X loziw=—u |
Ty rer) 4 v &c. edenoting the circumivience of a
circle whofe radius is un ty.  But Mr. Bayes, in a preceding pas
perin this volunie, has demondtrated that, though this expreflion
will- very nearly approach to the value of this fim when only a
proper number of the firlt terms is taken, the whole ferics cannot
‘exprefs any quantity ai wily 'becaufe, let & be what it willy theig
will be wlwavs a part of the ferics where it will bezin to diverge, |
‘I'his ebfvrvation, thouph it does ant much afteét ehe uls of this .
finies, feems well worth the poticeof mathematicians, 402
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D4 330C 4+ 165 E B4 A
4621 4 330C 4 165 F 4 55 Bt D e, where the co-

11
cflicients of B, C, D, I, ', &c. in the values of
D, kT, & arcthe 2, 3, 4 &ec. highelt. coeflici-
ents in a -4, ¢ 4 4, a- \'*, &c. expanded;
atlixing in every particular value the leatt of thefe
cocflicents to B, the next in magnitude to the fur-
theft letter from B, the next to C, the next to the '
furtheft but one, the next to D, the nextto the fur« -
theft but two, and fo on *,
With refpect to the value of the ferics m 2 ~—

1,3 . S 8 . ‘
nE - %} X 'ﬁ«sf— ¢. he hasgbferved thatitmay be

calculated direétly when m 2 is lefs than 1, or even |
not greater than &/ 33 but when m 2 is much farger |
it becomes impradticable to do this ; in which cafe he |
fhews a-way of eafily finding two values of itvery |
“nearly equal between which it's true value muft lie.
The theorem he gives for this purpofc is as fol- |
Hows. ‘ ‘
Let K, as before, fland for the ratio of the qua--
drantal arc to its radius, and H for the ratio whofe
. . . 21 241 2%—~1 ‘
h.yperbolxc logarithm js —— —= o A g
20— . . 323 . :
2 -1 &c. ‘Then the feries m2z — 7.2 &c.willbe
16807 . 3
‘ Han JK n
reater or lefs than the feries == X == o=~
g feri o X 5=

nt2
1—-am z’l"zl“‘" ‘ 2m‘2.’|¥+ 2
n o j— n o
’ 4‘4|+2 X == Nl -
amz A nt4x4qnmz

* This method of finding thefe cocficients T have dcduced
from the demonftration of the third lemma at the end of Mr,
Simpfon’s Treatife on the Nature and Laws of Chance, :

: 2 | _ 3
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b
. ]....zrn’z'fv*—:; 1 -?’—”Lzli .‘ 4
37) . 7 - }3)(5)(71 n

P 2 " f 4 X f bx E§m*zd  nt2 Xn }4’(:;6)(:;3)(!()27”17
~ &cc. continuéd to any number of terms, accord-
ing as the laft term has a pefitive or a negative fign
before it.

From fubftituting thcfc values of Ear bt and m2

m* 2} n—2 ms 23
P e, - ———

n
3d rule, which is the rule to be ufed when mz is of

fome conﬁdcrable magnitude.

&c. in the:2d rule arifes 3 a

1

RULE ;3.

If nothing is known of an cvent but that it has
happened p times 2nd failed ¢ in p-}- ¢ or # trials,
and from hence 1 judge that thc probabxhty of it's

happcmng in a finglc trial lics bctwccn = ez and

? A
> == 2z my chance to be nght is greater than

NEpgxh ' ‘Wi nd1 I
e X 2H e iy L ¢
2VKpgthni+ hn™v VK “ng2 T omz

2’ z] WXy Kpg x b
=2 1 and /fs than — 2 v
X 1= + / 2‘,/1(;;_5» i

n-—|~l
n+z‘

multiplied by the 3 terms 2 H - VK

, l‘ . ,‘ l

xmle 2”’23 * +\/"x;;—|—2

" ey I/

'.‘.i'.'.x..!.. ""if’.f.f."—“, where »*, K, b
ni-4 " 2m’ 2 u »

(]
and H ftand for the qpantnucs already explained,  ~
An
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An APPENDIX
"CONTAINING

An Application of the foregoing Rules to fome parti-
cular Cafes. '

T HE firlt rule gives a direct and perfet folution
in all cafes; and the two following rules arc
~only particular methods of approximating to the fo-
lution given in the firlt rule, when the labour of ap<
plying it becomes too great.

‘The firft rule may be ufed in all cafes where cither
#p or g arc nothing or not large. The fecond rule
may be ufed in all cafes where mz is lefs than V735
and the 3d in all cafes where ' % is greater than

n . . P
1 and lefs than >, if # is an cven nimber and very

large. If m is not large this laft rule cannot be much
wanted, becaufe, # decreafing continually as 2 is
diminifhed, the value of z may in this cafe be taken
large, (and therefore a confiderable interval had be-

tween £ =z and 2 -} 2,) and yet the operation be
n n ' !
carried on by the 2d rule; or mz not exceed V3.

But in order to fhew diftinétly and fully the nature
of the prefent problem, and how far Mr. Bayes has
carried the folution of it; I fhall give the refult of
this folution in a few cafes, beginning with the Joweft
and moft fimple, | ' L L

et
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Let us then firft fuppofe, of fuch an event as that
called M in the eflay, or an event about the proba-
bility of which, antecedently to trials, we know no-
thing, that it has happened “once, and that it is en-
~quired what conclufion we may draw from hence
with refpect to the probability of it's happening on a
fecond trial, , -

The anfiver is that there would be an odds of three
to one for fomewhat more than an even chance that
it would happen on a fecond teial., |

For in this cafe, and in all others where g is

— I 1
nothing, the expreflion nd1x Xp+ o~ xP+j
_ + 1 +1 |
or X7 +1 4 +‘v ives the (olu}t)ion, as willgppeajr
from confidering the %rﬂ rule,  Put therefore in this
expreflion p37 ==2, X == 1 and x - +anditwill be
I —"3)"or 1; which thews the chance there is that
the probability of an cvent that has happened once
lies fomewhere between 1 and ! or. (which is the
fame) the odds that it is fomewhat more than an -
even chance that it will happen on a fecond trial *. [
In the fame manner it will appear that if the cvent
has happened twice, the odds now mentioned will be -
feven to one; if thrice, fifteen to one; and in gene+
ral, if the event has happened p times, there will be
an odds of 22+ — 1 to one, for more than an equal
chance that it will happen on further trials, 1
Again, fuppofe all I know of an cvent to be that
it has happened ten' times without failing, and the

* There can, I fuppofe, be no reafon for obfuving that on
this fubject uhity s always made to ftand for certainty, and 2
for an cven chance, ‘

Vor. LIIL

Ggg enquiry
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enquiry to be what reafon we fhall have to think we
are right if we guefs that the probability of it’s hap-
pening in a fingle trial lies fomewhere between 55
and 2, or that the ratio of the caufes of it’s happen-
in‘g to thofe of it's failure is fome ratio between that
of fixteen to onc and two to one. ol

Herep-1 =11, X== 13 and x==2and X
e bt = T e D o 013 &eo The anfiver
thercfore is, that we fhall have very nearly an equal
chance for being right. f

" In this manner we may determine in any cafe what

conclufion we ought to draw from a given number
of experiments which are unoppofcd by contraty |
experiments. Every onc fecs in general that thece is |
reafon to expedt an event with more or lefs confidence |
according to the greater of lefs number of times in
which, under given circumf{tances, it has happentd
witheut failing; but we here fee exallly what this |
reafon is, on what principles it is founded, and how .
we ought to regulate our expeltations. |
But it will be proper to dwell longer on this -
head. ‘ |
Suppofe a folid or die of whofe number of fides
and conftitution we know nothing; and that we are.
to judge of thefe from experiments made in
throwing it. | :
In this cafe, it fhould be obferved, that it would.
be in the higheft dcgree improbable that the folid
fhould, in the firft trial, turn any one fide which could
be afiigned before hand; becaufe it would be knows,
that fome fide it muft turn, and that there was an.in=- |
finity of other fides, or fides otherwife n_aarkéd,-whidr
it was equally likely that it fhould turn, T he firft
4 o throw o

..
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throw only fhews that #¢ bas the fide then thrown,
without giving any reafon to think thatit has it any
onc number of times rather than any other. It will
appear, therefore, that affer the firlt throw and not
before, we fhould -be in the circumftances réquired
by the conditions of the prefent problem, and that
the whole cffec of this throw would be to bring
us into thefc circumftances.  That is: the turning
the fide firlt thrown in any fubfequent fingle trial
would be an event about the probability or improba-
bility of which we could form no judgment, and-
- of which we fhould know no more than that it
lay fomewhere between nothing and certainty,  With
the fecond trial then our calculations muft begin 3
and if in that trial the fuppofed folid turns again the
fame fide, there will arife the probability of three
to onc that it has more of that fort of fides than of -
all-others; or (which comnes to the fame) thdt there.
is fomewhat in its conftitution difpofing itto turn that .. .
fide oftcneft : And this probabitity will intreafe, in
the manner already explained, with “the number .of = -
times in which that fide has been thrown without
failing. It fhould not, however, bé imagined thit any
number of fuch experiments can give fufficient reafon
for thinking that:it- would #ever turn-any ‘other fide,- -
- For, {uppofe it- has turned the “fame fide in every
trial'a million'of timeés.* In thefe ciccamftances theres -
~Would be an improbability that it had /&fi than.
.1.400,000 morcof thefe fidés than all others; but
there would alfo be an improbability that it had ‘above - -.
1.600,000 times ‘more.. The chance for the latteris
exprefled by 1¢2 2225 raifed to the miillioneth power
fubftralted from unity, which is equal t9.4647 &c.and ~ -

. Ggga. .. o the
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the chance for the former is cqual to 14233337 railed
to the fame power, i to 489¢; which, being both lefs
than an cqual chance, proves what 1 have faid,  But
though it would be thus improbable thatit had above
1.600,000 times more or /fs than 1.409,000 times
sreof thefe fides than of all others, itby no means
follows that we have any reafon for judging that the
true proportion in this cafe lies fomewhere between
that of 1.600,000 to on¢ and 1.400,000 to one.:
For he that will take the pains to make the calcula-
tion will find that there is nearly the probability ex--
prefled by .527, or but little more than an cqual
© chance, that it lies fomewhere between that of |
660,000 to one and three millions to one. It may -
deferve to be added, that it is more probable thac this.

-~ proportion lies fomewhere between that of goo,000
- to 1 and 1.900,000 to 1 than between any other
" two proportions whofe antecedents are to onc another’
as 00,000 to 1.900,000, and confequents unity.

" 1 have made thefe obfervations chiefly becaufe they-
are all firi@ly applicable to the events and appear-.
ances of nature. Antecedently to all experience, it -
_would be improbable as infinite to one, that any pare
ticular event, before-hand imagined, fhould follow

“the application of anyone natural obje€t to another;

becaufe there would be-an equalchance for any oric of
_an infinity of other ¢vents, Butif we had once feen
any particular effeCts, as the. burning of wood on
putting it into fire, or the falling of a ftone on de-
taching it from all contiguous objeQts, then the con-
clufions to be drawn from any number of fubfequent
events of the fame kind would be to be deterinined -
~in the fame manner with the conclufions juft men-—
. tioned relating tosthe conftitution of the folid.1 have
R U (uppofed-‘v



fuppofed. e—mew In other words. The firft experi- -
‘ment fuppofed to be ever made on any natural object
would only inform usof one event that may follow a
particular change in the circumftances of thofe obje@s;
“butit would not fuggeft to us any idcasof uniformity -
in nature, or give us the leaft reafon to apprehend -
that it was, in thatinftance or in any other, regular ra-
ther than irregularin its operations.  Butif the fame -
cvent has followed without intercuption in any one
or morc fubfequent experiments, then fome degrea
of uniformity will be obferved ; reafon will be given -
to expect the fame fucgefs in further experiments, an
- the calculations  dirccted by the folution of this prom‘

|

. blem may be made. .
One example here it will not be amifs to give. |
Let us imagine to ourfelves the cafe of a perfonjuft
brought forth into this, world and left to colle¢t from
his obfervation of the order and courfe of events what
powers and caufes take place in it. ‘The Sun wouldj;
- probably, be the firft objeQ thatwould engagehis atten-
= tion; butafter lofing it the ficft night he would be en-
tirelyignorant whetlicrhefhould ever fec it again. He,
would thereforebeinthe condtion of a perfon making a
. Airft experiment abeut an cevent entirely unknown to
- him. Butlet him feea fecond appearance or one
- return of the Sun, and an expe@ation would be raifed’
~in him of a fecond return, and he might know that -

. there was an odds of 3 to 1 for feme probability of this.'

~This odds would inereafe, as before reprefented, with.
“the number of returns 1o which. he was - witnefs, '

~But 1io finitc numbzr of returns would be fufficient:

" 16 _produce abfolute. or_ phyfical certaintys For-let it
.be fuppofed that he has fcen it return at regular and
- flated intervals a'million of times. ‘The conclufions
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this would warrant would be fuch as follow oenvia
There would be the odds of the millioneth power
of 2, to one, that it was likely thatit would return again
at the end of the ufual interval.  Therewould be the
probability expreffed by .53 52, that the odds for this
was not greater than 1.660,000 to 13 And the pro-
bability exprefled by .§108, that it ‘was not /ofs than
1.400,000 to 1. : A

It fhould be carefully remembered that thefe de~
~ duttions fuppofe a previous total ignorance of nature. .
After having obferved for fome time the courfe of
- events it would be found that the operations of nature
are in general regular, and that the powcrs‘a'nd laws
which prevail in itarc {table and parmanent. The |
confideration of this will caufe one or a few experis
mients often to produce a much ftronger expc&ation of
‘fuccefs in further experiments than would otherwife
have been rcafonable ; juft as the frequent obfervation:
that things of a fort are difpofed together in any placc
would Icad us to conclude, upon difcovering there!
any object of a particular fort, that therg ar¢ laid up |
with it many others of the famie fort. “Itis obvious |
that this, fo far from contradi@ing the foregoing de-!
duQions, is only onc particular cafc to which they are| -
to be applicd. o '

What has been faid feems fufficient to fhew us:

~ what conclufions to draw from wniform cxperience.

It demonftrates, pasticularly, that inftead of proving -
that events will afways happen agreeably to it, there,
wiil bealways reafon againt this conclufion, In other
words, where the courfe of nature has been the moft -
conftant, we can have only reafon to reckon upona
recurrency of events proportioned to the degree of
B S this



~ - this fubject: 1 mean, to cafes where an experimen

this conftancy; but we can have no reafon for thin k-
ing that there are no caufes in nature which will ever
. inrerfere with the operations of the caufes from which
- this conftancy is derived, or no circomftances of the
‘worldin which it will fail.  And if this is true, fup-
pofing our only data derived from cxperience, we fhall "~
find additional reafon for thinking thus if we ap-
ply other principles, or have recourfe to fuch confi
derations as reafon, independently of experience, ca
fuggett. e -~

But I have gone further than lintended here; an
it is time to turn our thoughts to another branch qf
t

-

has fometimes fucceeded and fometimes failed.
Here, again, in order to be as plain. and “explicit
as_poflible, it will be proper to put-the followin
cafe, which is the ‘eafieft and fimpleft I can think -
of. _ S ' L
Let us then iragine aperfonprefent at the drawing
of a lottery, who knows nothing of jts fcheme or of .
the proportion of Blanks to Prizes in it. Letit further
be fuppofed, that he is obliged to infer this from the
numbcer of blanks he hears drawn' compared with the
number of prizes; ar)'d that it is enquired what con-
clufions in thefe circumftances he may reafonably
make. : LT PRIRETII S
Let him firft hear #en blanks drawn and ese prize, ©
. and let it be enquired what chance he will have for be-
ing right if he gucflcs that the proportion of blanks to
prizes in the lottery lics fomcwﬁc’rc between the pro-
portions of gto 1 and 11 to 1, o o
Here taking X == 11, we 3, pzto, g= 1, naz1,
E == 11, the required chance, according to the ﬁ;ﬂ
L ruie,

i
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rule, s #FT x E into the difference between ~

B e N TR o

‘X g X and [t E TmI2X I

Topd pti pr1 . pt2 R
ek g P o T~ S i S ST . ‘
1 13 - .1_:!]“1 2. i1 . /9:‘\

Y tzl — 12 — 10| === 10 == 07099
11 11 12 - '

1 12 :
&ce. There would therefore be an odds of aboutgz23 |
to 76, or nearly 12 to 1 againft hisbeing right.  Had
he guefled only in general that there were lefs than
g blanks to a prize, there would have been a proba-
bility of his being right equal to .6589, or the odds
of 65 to 34. ' o :
Again, ‘fuppofe that he has heard 20 blanks drawn
and 2 prizes; what chance will he have for -being
right if he makes the fame guefs? _ N
~"Here X and x being the fame, we have n== 22,
p=:20, g2, E==231, and the required chance|

Tre1 pt Ty

P

2
“equal to a1 X B X X =gX A4 gxg-1xX

Cphr T pt2 2 pt3

Lt pt2 , T3 -
e gx JogXgeIXX ===,10843-&c,
pt1 pt2 2 . pt3 S

He will, therefore, have a better chance for being
right than in thc former inftance, the odds ‘againﬁ
him now being €92 to 108 or about 9 to 1. But
fhould he only guefs in general, as before, that there
were lefs than ¢ blanks to a prize, “his chance for be< -
ing right will be worfe 3 for iinftead of 6589 or an ‘
odds of near two to one, it will be . 584, or an odds

of 584 to 415 | .
‘ - Suppofe,

|
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.. . Suppofe, further, that he has.heayd 40 blanks -
~drawn-and 4 prizes; what will the before-mentions
ed chances be ? B R A e
"The anfwer here is .1 25, for the former of thefe
chances; and..§27, for the latter. There will, therea
fore, now be an odds of only . to 1 againft the =
proportion of blanks to prizes lying between ¢ to 1
and 11 to 1; and but little more than an equal chance
that it is lefs than g'to 1. . o B
Once more.  Suppofe he has heard 100 é/(méJ
drawn and 10 prizes. : : , j
The anfwer here may ftill be found by the firlt
. . . . ]
rule; “and the chance for a_proportion of ~blanks Ao
prizcs /efs than ¢ to 1 will be .44109, and for a pr?;k1
portion greater than 11 to 1 .3082. It would there-
fore be likely that there were not fewer than 9 m{
~ more than 11 blanks to a prize.  But at the fame time
it will remain unlikely * that the true proportion

fhould lie between g to 1.and 11 to 1, the chance

for this being .2 §06 &e. There will therefore bc
ftill an odds of near 3 to 1 againft this. B

From thefe calculations it appears that, in the cir-
- cumftances I have fuppofed, the chance for being:
right in guefling the proportion of dlanks to prizesto
+be nearly the fame with that of the number of blanks.

* T fuppofe no attentive perfon will find any difficulty in this.
It is only faying that, fuppofing the intetval between nothing ' -
and certainty divided into a hundred cqual chapices. there witl ha !
44 of them for a lefs praportion of blanks to prizes than g tay, o
31.for a greater than a1 to 1, 2nd 25 for fo>me- nrasortion bee
tween g to 1 and 11 to 15 in which it is obvisus that, thoush!
one of thefe fuppafitions mift betruey yety huviny each of them |
more chances againll thom than for them, they are all feparately |
unlikely, e 1 ) o

- Vou. LI, “”.h ho _ draen
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drawn ina gkrnthnctothc!uuanfOFPfhfidfmvn;i
15 continually incrcaling as thefe numbers marcale .

Cand that therefore, when they are confiderably Jarge, -

“this cenclufion may be looked upon as morally cer= |
tain. By parity of reafon, it {ollows univerfally, with
refpet to every event about whicha great number

“of experiments has been made, that the caufes of its|
happening bear the fame proportion to the caufes of |
its failing, with the number of happenings to the
number of failures; and that, if an event whofe|
caufes are fuppofed to'be known, happens oftencr ot
fcldomer than is agrcéabld to this conclufion, there
.“ﬂlbcrchntobdkvcdmtdu&cam(bmcunknbwu
caufes which diturb the operations of the known
ones.” With refpe&, therefore, particularly' to the -
courfe of events in nature, it appears, that - there i4 ,
demonttrative evidence to prove that they are derived
from permancnt caufes, or laws originally eftablifhed
in the conflitution of nature in order to produce that

* order of events which we obfetve, and not from any

. of the powers of chatice*. This is juft as cvident
as it would be, in the cafe I have infifted on, that the
rcafon of drawing 10 times more blanks than prizes
in millions of trials, was, that there were in the wheel

“about fo many morc blanks than prizes.

But to proceed a little further in the demonflration
“of this point.. S 7
" We have feen that fuppofing a perfon, ignorant of

“the whole fcheme of a lottery, thould be led to con-.

je&ure, from hearing 100 blanks and 10 prizes drawn; .

* Sec Mr. De Moivrc’ls Do&riné of Chances, pag. 550.
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and K the ratio of the quadrantal arc to radius; the
former of thefe expreflions will be found to be 7953,
and the latter .940¢ &c. T'he chance enquired after, |
thercfore, is greater than 7963, and lefs than .9405.
That is; there will b an odds for being right in guefl-
ing that the proportion of blanks to prizes lies nearly
between g to 1 and 11 to 1, (or exallly between g to!
1 and 1111 to g9) whichis greater than 4 to 1,
and lefs than 16 to 1. , f
Suppofe, again, that no more is known than that
blanks ﬁavc been drawn 10,000 times and prizics 1000
times in 11000 trials; what will the chance now:
mentioned be? N ‘

Here the fecond as well as the firft rule becomes
ufelefs, the value of mz being fo great as to render
it fearcely poffible to calculate diredtly the ferics m2 -

1.3 3 .

m ,;. +§2.'_'7’% X 'g}ﬁ . &c. ‘T'he third rule, thereforc,
muft be €fed ; and the information it gives us is, that
the required chance is greater than .97421, of more

than an odds of 40 t? I.
: By
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By calculations fimilar to thefe may be determined
univerfally, what expe@ations are warranted by any
experiments, ‘according to the different number of
times in which they have fucceeded and failed; of
what thould be thought of the probability that any
particular caufe in nature, with which we have any
acquaintance, will or will not, in any fingle trial,
produce an cffect that hasbeen conjoined with it.

Moft perfons, probably, might expect that the
chances in the fpecimen I have given would have been
greater than Ihave found them. But this only thews
how liable we are to error when we judge on this
fubject independently of calculation, - One thing,
however, fhould be remembered here; and that
is, the narrownefs of the interval between 2. and
13 of between 19 4 o2 oand 39 — 1 Thd
this interval been taken a little larger, there would
have been a confiderable difference in the refults of:
the calculations,  Thus had it been taken double, or.
2z == ¢y, it would have been found in the fourth in..
ftance that inftead of odds againft there were odds
for being rightin judging that the probability of draw-
ing a blank in a fingle trial lics between * -~ and
1ot
T'Thcsfs'orcgoing calculations further fhew us the
ufes and defects of the rules laid down in the eflay.
"Tis cvident that the two laft rules do not give us
the required chances within fuch narrow limits as
could be withed. Bat here again it fhould be confi-
dered, that thefe limits become narrower and narrow-
eras g is taken larger in refpe@ of p; and when p
and g are equal, the éxac folution is given in all cafes

by the fecond rule. 'l?lefe two rules therefore afford
: o a direction
!
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